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Abstract: The duality between measures of economic and technical efficiency has been extensively studied in 
the productive efficiency analysis. This duality ensures a meaningful interpretation of technical efficiency as 
economic efficiency evaluated at the most favorable shadow prices. This paper concentrates on economic 
efficiency as short run profit efficiency. We first argue that a modified version of Varian’s goodness-of-fit 
measure provides an appropriate economic efficiency measure in that context. Next, we show that a variant of 
the McFadden gauge function provides a natural dual efficiency measure for this short run profit efficiency 
measure. In particular, we establish two attractive properties of that technical efficiency measure: (i) it can be 
interpreted as Varian’s profit efficiency measure evaluated at shadow prices; (ii) it provides an upper bound for 
profit efficiency.  
 
Résumé: Les relations de dualité entre les mesures d’efficacité technique et économique ont été largement 
étudiées dans la littérature sur la productivité. Cette dualité fournit une interprétation intéressante des mesures 
d’efficacité technique comme des mesures d’efficacité profit évaluées par rapport à un système de prix implicites 
le plus favorable possible. Cet article considère l’efficacité profit de court terme comme mesure d’efficacité 
économique. Nous montrons, dans un premier temps, qu’une version modifiée d’une mesure proposée par 
Varian fournit l’indicateur approprié de l’efficacité économique dans ce cadre. Nous montrons ensuite qu’une 
variante de la fonction de Gauge de McFadden fournit une mesure duale du profit de court terme. Nous 
établissons notamment deux propriétés attractives de cette nouvelle mesure : (i) elle peut être interprétée comme 
une mesure de profitabilité à la Varian évaluée par rapport à un système de prix implicites ; (ii) elle fournit une 
borne supérieure pour la mesure d’efficacité profit. 
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Technology distance functions (Shephard, 1953, 1970; Chambers et al. 1996, 1998) are used 
to measure the distance from a production plan in the interior of the production set to the 
boundary of that set. Such distance functions have proven particularly useful for technical 
efficiency measurement (following Farrell, 1957). Within that perspective, the distance 
function may theoretically adopt a multitude of directions of measurement as, in principle, 
any point on the boundary of the production set is an equally valid technically efficient 
reference point. For selecting the optimal direction, the efficiency analyst typically uses 
additional information regarding the behavioral objectives of the evaluated firm. If full price 
information is available, such behavioral assumptions entail economic efficiency analysis 
through the cost, revenue or profit function. The relationship between technical and economic 
efficiency relates to the absence of such price information: it is then natural to ask which 
technical (quantity based) efficiency measure offers a natural dual counterpart to the 
economic (price based) efficiency measures. Russell (1985; p. 124) insightfully addressed this 
question as follows:  
“Even if market prices are not known, however, economic efficiency is not irrelevant to the 
analysis of technical efficiency. (Both Debreu and Farrell emphasized the relationships between 
technical and economic efficiency.) In fact, even if market prices do not exist, notions of 
economic efficiency are not irrelevant to the analysis of technical efficiency: shadow prices, 
implicit in all production technologies are relevant.” 
 
In the case of cost-minimizing behavior, where the ratio of minimum to actual input costs is 
the usual measure of economic efficiency, Russell (1985) advocated the radial Shephard input 
distance function, the reciprocal of the Farrell (1957) efficiency measure, as the natural 






(quantity based) dual to this economic (cost efficiency) measure.
1 He claimed two attractive 
properties of this distance function that are not shared by any other technical efficiency 
measure. First, while the economic efficiency is a ratio of minimal to actual cost at market 
prices, the input distance function can (dually) be interpreted as the ratio of the minimal to the 
actual cost at shadow prices (determined at a given level of output and in radial input 
direction). Second, the input distance function provides an upper bound for economic 
efficiency (using market prices). 
Over the last few years, the general directional distance function has become 
increasingly popular in the literature on technical efficiency analysis. Chambers et al. (1996, 
1998) originally developed it as a generalization of Luenberger’s (1992) shortage function. 
An attractive property is that it allows for simultaneous variation of inputs and outputs, 
whereas the traditional distance functions consider either input or output fixed. Another 
appealing feature of the directional distance function is its generality; all known technical 
efficiency measures, including the original Farrell measures, can be expressed as special cases 
of the directional distance function through appropriate specification of the direction vector. 
However, this generality of the directional distance function simultaneously implies its main 
weakness. In empirical application, the efficiency results (including efficiency values and 
rankings) will crucially depend on the choice of the direction vector (which determines the 
projection direction towards the technically efficient frontier). Unfortunately, the literature of 
directional distance functions does not provide any guidance as to the specification of the 
direction vector. Moreover, Salnykov and Zeleniuk (2008) show that a desirable property 
such as the commensurability (independence of units of measurement up to a scalar 
                                                 
 
1 Russell specifically referred to the duality between the cost function and Shephard’s input distance function. 
This special relationship between radial technical efficiency measures and economic efficiency was well 
understood by Farrell (1957) when originally introducing these measures in the context of productive efficiency 






transformation) is not systematically satisfied by the directional distance function.  
  This paper provides a dual perspective on the issue of specifying the direction vector. 
Following Russell (1985), we identify the direction that entails a (quantity based) directional 
distance function that has a naturally dual interpretation in terms of economic efficiency. Of 
course, this first requires a specification of the appropriate economic efficiency notion, which 
in turn refers to specific behavioral assumptions. Given that the directional distance function 
encompasses simultaneous changes in both inputs and outputs, we start from profit 
maximization as the appropriate behavioral assumption, which leads to profit efficiency as the 
economic efficiency notion. 
The measurement of firm profit efficiency dates back to at least Nerlove (1965), who 
presented two alternative efficiency indices for that purpose. Following Nerlove, we focus on 
the usually relevant notion of short run profit efficiency, which incorporates the managerial 
constraint that some inputs (e.g. capital stock) are to be considered as fixed within the time-
frame of the analysis. In the following, we adapt alternative efficiency notions, including 
Varian’s (1990) goodness of fit measure and Chambers et al.’s (1998) generalization of the 
Nerlovian profit efficiency, to this short run perspective by distinguishing between fixed and 
variable inputs.   
Building on the duality results of Chambers et al. (1998) and Färe and Grosskopf 
(2000), we then show that McFadden’s (1978) gauge function provides a natural measurement 
direction in the context of short run profit efficiency. We claim that the corresponding 
specification of the direction vector obtains the same two properties that made Russell 
advocate the Shephard distance function within the cost efficiency setting, but now these 
properties apply for profit efficiency. Finally, to strengthen the case of the corresponding 
                                                                                                                                                          
 
analysis.  






direction of measurement, we make explicit that the McFadden procedure selects a 
(technically efficient) reference production plan that may be interpreted as the “most 
favorable” from the evaluated firm’s point of view. 
The rest of the paper is organized as follows. The next section considers short run 
profit efficiency measurement. Section 3 institutes the McFadden gauge function as a 
naturally dual technical efficiency measure for profit efficiency as the economic objective. 
Section 4 summarizes our findings. 
2. Profit efficiency in the short run  
Following Nerlove (1965), we focus on the firm that is profit maximizing in the short run. We 
denote the (non-negative and non-zero) input vector by x and the (non-negative and non-zero) 
output vector by y. The input vector is further divided into a subvector with fixed inputs x
f and 
one with variable inputs x
v, which obtains x = (x
f, x
v). In the short run, the firm takes the level 
of fixed inputs as given and can only adjust the consumption of variable inputs.
2 The firm’s 
economic objective is then defined as the gross profit function 
{ }
,
(;, )m a x - (;, )
v
fv f v T π ′′ =∈
xy
xw p p y w xxxy  
where  { } ( , )  can produce  T = x y x y  is a compact production possibility set that allows for free 
disposability of input and output. Compacity of the production technology set ensures that, 
given a finite amount of fixed inputs, the maximum gross profit always exists. 
For the given setting, we can distinguish at least four alternative profit efficiency 
measures (PEs) that have been suggested in the literature. Nerlove (1965) was the first to 
consider short run profit efficiency. He proposed two measures: a ratio measure 
                                                 
 
2 Evidently, the identity of the ‘fixed’ inputs depends on the length of the planning horizon.  
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as well as an additive measure 
00 00 0 00 0 0 0 0 (,; ,) (; ,)( )
Af v PE π ′ ′ =− − x y wp xwp p y wx .       ( 2 )  
 
While the first PE evaluates profit efficiency in proportionate terms, the second one measures 
(absolute) profit loss due to inefficiency, expressed in money terms.
 3 
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This PE can be interpreted as the percent extra profit that the firm would have generated at the 
given prices if it had used the optimal amounts of variable inputs to produce the optimal 
amounts of outputs.  
Finally, and most recently, Chambers et al. (1998) have presented a fourth, most 
general formulation of PE. Their approach is to normalize prices by introducing direction 
vectors gp and gw, which yields 
                                                 
 
3 Mathematically, the ratio measure (1) is a direct analogue of Debreu’s (1951) “coefficient of resource 
utilization”. Debreu suggested that measure for investigating Pareto efficiency of the economy as a whole, and 
not for directly assessing firm profit efficiency. Yet, Debreu’s coefficient has been widely interpreted as a cost 
efficiency ratio similar to that of Farrell (1957). However, Debreu’s coefficient is defined in terms of net 
consumption in commodity space, where positive elements represent consumption while negative elements 
represent production; a dot product of the net consumption vector and the associated price vector then yields the 
net value of consumption. If we think of “the economy” as “a firm”, then the produced commodities are the 
outputs while the consumed commodities are the inputs and, hence, the “net value of consumption” represents 
the “firm’s profit”.  
4 Measure (3) adapts Varian’s (1990) original goodness-of-fit measure to the current short run profit 
maximization setting. The same applies for measure (4). 
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=
′′ +
xwp p y wx
xywpgg
pg wg
.     (4) 
This general construction encompasses a multitude of PEs, depending on the specification of 
the direction vectors. For example, Varian’s measure (3) is obtained for gp = y0 and gw = -x
f
0. 
It is interesting to look at the properties of the candidate measures (1)-(4). Let us first 
consider the ratio measures (1) and (3). An attractive property of these measures is that they 
are homogeneous of degree zero in prices and quantities (see also Nerlove, 1965), which 
makes them invariant to the units of measurement (such as the currency unit for the input and 
output prices). Still, they are generally ill-defined (i.e., they equal plus or minus infinity) if the 
observed profit equals zero. In the case of negative profits, the percentage measure has an 
advantage over the ratio measure in that the losses are revealed by the sign of the efficiency 
measure; this is not the case for the ratio measure if both the maximum profit and the 
observed profit are negative.  
The opposite holds for the difference measure (2). This measure is no longer 
homogenous of degree zero in prices and quantities. But it is capable of handling negative or 
zero profits: its value is always a non-negative and finite real number interpretable as the 
absolute profit loss (in money terms).  
Finally, the directional PE (4) combines the virtues of the measures (1)-(3): it is 
homogenous of degree zero in prices and quantities, and it is well-defined for zero profits. In 
fact, we believe these appealing features may (at least partly) explain the current popularity of 
this PE in the applied literature.  
However, one major problem regarding the measure (4) concerns the choice of the 
normalization, and the concomitant economic interpretation. So far, the theoretical literature 
of directional distance functions has remained silent on this issue. Applications often select 
direction vectors gp = y0 and gw = x
f
0, especially when the vector of variable inputs represents 






environmental bads (e.g., Färe et al. 2001, Domazlicky and Weber, 2004). Still, in our 
opinion, this normalization lacks a sound economic interpretation. It entails that the profit loss 
in the numerator is proportioned to the sum of total revenue and total variable (or 
environmental) cost in the denominator. Since the total revenue is the sum of total variable 
cost and gross profit, this denominator actually equals the gross profit plus two times the total 
variable cost. Hence, direction gp = y0 and gw = x
f
0 involves double counting of the total 
variable cost, which does not seem to have a good economic rationale.  
At this point, we recall that our focus is on short run profit maximizing firms. This 
complies with the original setting of Nerlove (1965), who considered gross profit (defined as 
the total revenue minus total variable cost), but deviates from Varian (1990) and Chambers et 
al. (1998), who either considered net profit (revenue minus total cost) or did not make an 
explicit distinction between the two notions. In practice, we may reasonably expect gross 
profit to be positive in the current (short run) set-up. Indeed, the corresponding variable costs 
merely include wages and material costs directly associated with the output, and they exclude 
all fixed costs as well as depreciation of capital, taxes, and other indirect costs included in the 
accounting profits and losses. Thus, negative or zero gross profit would imply that revenues 
do not suffice to pay the immediate production costs, which means that the firm owners 
would be better off by shutting down the enterprise; keeping up production under such 
conditions would require external equity or debt financing. 
We may thus abstract from non-positive gross profit in the short run. Given our above 
discussion of its attractive features, this directly institutes Varian’s percentage measure as a 
most appropriate PE or, equivalently, it suggests gp = y0 and gw = -x
f
0  as economically 
meaningful normalizations for the directional PE (4).
5 (To avoid any possible confusion, we 
                                                 
 
5 We prefer Varian’s PE (3) above the ratio PE (1) given its more natural percentage interpretation. Still, it 






emphasize that our above argument makes this applies for (short run) gross profit and not 
necessarily for net profit). The next section establishes the dual link between this specific 
economic efficiency measure and the (quantity based) McFadden gauge function. 
3. Technical efficiency 
Following Russell (1985), we ask for a quantity based technical efficiency measure (TE) that 
is dual to Varian’s price based (gross) PE. Russell’s conditions for such a TE are as follows: 
(i) the dual formulation of the TE should be interpretable as the PE at the input and output 
shadow price vectors; (ii) the TE should provide an upper bound for the PE at all prices. This 
section identifies the McFadden gauge as such a technical efficiency measure. 
We start from the general directional distance function of Chambers et al. (1998)  
{ } (,; , ) m a x ( , , )
Df v
wp w p TE R T δδ δ =∈ − + ∈ x y gg xx gy g ,    (5) 
In this TE, the vectors gp and gw determine the direction of projection of the evaluated input-
output vector onto the boundary of the production possibility set T. This general construction 
is the technical efficiency counterpart of the directional PE (4), which follows from the 
duality result (see Chambers et al., 1998) 
6 
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D
wp PE
∗∗ xywpgg ,       ( 6 )  
with ( , )
∗∗ wp the (maximizing) shadow price vector given by the normal of the plane that 
                                                                                                                                                          
 
should be clear that our below arguments for the PE (3) are easily adapted for the PE (1); see also their one-to-
one correspondence that is made explicit in (3). 
6 This duality result requires that T satisfies convexity and monotonicity. If T is non-convex, the duality result 
applies for the technical efficiency measure defined relative to the convex monotonic hull of T (see e.g. 
Kuosmanen, 2003, for details). 
 






supports the production set T at the point  00 00 00 (, (,;, ), (,;, ))
fv
wpw wpp δδ −+ xx xygggy x yggg . 
Comparing (6) to (3) obtains 
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P PE
∗ ∗ x y wp       ( 7 )  
We conclude that this TE calculates Varian’s PE at shadow prices. We next establish the one-
to-one correspondence between this TE and a variant of McFadden’s (1978) gauge function 
defined as 
  () ( ) { } 000 0 0 0 ;, m a x ; ,
fv f v McG T δδ δ =: ∈ xxy x x y ,      (8) 
i.e., the McFadden gauge captures the maximal radial expansion of (simultaneously) the 
variable input and output vectors. The gauge function (8) can be interpreted as Shephard’s 
output distance function with the variable inputs treated as outputs, and it thus inherits all 
properties of the latter.
7 Like before (see footnote 4), we have adapted McFadden’s original 
definition to the short run setting under consideration, by drawing a distinction between fixed 
and variable inputs. Besides improved consistency with the previous economic efficiency 
setting, the introduction of fixed inputs guarantees that the gauge function (8) always has a 
finite maximum, under the maintained assumption that the technology satisfies the “no free 
lunch” property. Hence, in contrast to the original McFadden gauge, which expands all inputs 
and outputs equiproportionately, our variant in (8) would remain well defined even if one 
allows the technology T exhibit constant or increasing returns to scale.  
The link between this gauge function and the TE (7) can be established as follows:  
{ } 00 00 00 00 0 (, ,)m a x (; , )
Dv f v v TE R T δδ δ ;− = ∈ + + ∈ xy xy xx xy y  
                                                 
 
7 For a formal discussion of the properties of the output distance function, we refer to Färe and Primont (1995). 






  ( ) ( ) { } 000 max ( ; 1 , 1 )
fv R T δδ δ =∈ + + ∈ xxy  
  ( ) ( ) { } 000 max (1 ) ( ; 1 , 1 ) 1
fv RT δδ δ =+ ∈ ++ ∈ − xxy    (9) 
  ( ) { } 000 max ; , 1 xxy
fv T δδ δ =: ∈ −  
   () 000 ;, 1 xxy
fv McG =−  
As a result, the McFadden gauge function reveals itself as a natural (quantity based) dual to 
the PE (3). Indeed, expression (6) makes explicit that it effectively complies with Russell’s 
requirements (i) and (ii) cited above: its dual is interpretable as Varian’s PE at the input and 
output shadow price vectors; and the TE provides an upper bound for that PE at all prices.  
The same result can be also be interpreted from the perspective of the evaluated firm 
that has to choose the direction vector for the directional distance function used for its 
evaluation. Specifically, we obtain that the McFadden gauge function (8) implies the optimal 
(i.e., the “most favorable”) direction vector from the evaluated firm’s perspective: it selects a 
(technically efficient) reference production plan that minimizes the profit inefficiency as 
calculated with respect to the reference production plan. 
To see this, we first note that in the general directional distance function framework 
the reference production plan for a given production plan  000 (,,)
fv xxy  is  
00 00 0 00 (, (,;, ), (,;, )) xx xygggy x yggg
fv D D
wpw wpp TE TE −+ .     (10) 
To simplify notation, we will further use g = (gw, gp). From (6), it follows that there should 
exists a shadow price system 
** (,) wp g g  that makes the technically efficient plan (10) short run 
profit maximizing, i.e.,  
()
** * *
00 0 00 0 0 (,;, ) ( (,;, )) (; , ) , p y x yggg wx xyggg xwp
Dv D f
gw p p g w p w g g TE TE π +− −=   
with 
**
0 (; ,) xwp
f
g g π  the (maximum) shadow profit level corresponding to the reference 
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.   (11) 
    The last equality makes clear that the profit efficiency generally depends on the choice 
of the direction and the associated optimal shadow prices. If the evaluated firm was given an 
opportunity to specify the direction vector g = (gw, gp), how would a rational firm choose the 
direction vector in this specific evaluation setting? The firm’s problem is to minimize its 
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. (12) 
The following proposition shows that the optimal solution to this problem obtains the 
McFadden gauge function (8). 
 
Proposition 1. The measurement direction underlying the McFadden gauge function (8) 
minimizes the short run profit inefficiency of the evaluated firm. In other words, setting  
(gw, gp)  00 (, )
v =− x y  gives the optimal solution to problem (12). 
 
Proof. By substituting  0,) g (-x y
v =  in (12), the profit inefficiency is: 
**
00 00 00 (,; ,) (,; ,) gg x y wp xy x y
PD v PE TE =−  
Next consider an arbitrary direction g. The technically efficient production plan in the 
direction  g is (10), which is profit maximizing for the price system 
** (,) wp g g defined as the 
shadow price vector given by the normal of the plane that supports T  at that production plan. 
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For completeness, it is worth noting that the optimum to problem (12) is not unique. The 
directional distance function is homogenous of degree  1 −  in g (e.g. Chambers et al., 1998), 
so any vector collinear to g 00 (, )
v =− x y  will yield the same result: the modulus of the vector is 
arbitrary. In other words, all alternate optima are scalar multiples of vector g 00 (, )
v =− x y . 
5. Summary 
We have examined the measurement of economic and technical efficiency in the framework 
of short run profit maximizing behavior, drawing special attention on the corresponding 
duality relationship. First, we have reviewed alternative profit efficiency indices proposed in 
the literature, and identified Varian’s (1990) percentage profit efficiency measure as our 
preferred alternative for evaluating short run profit efficiency. Next, we have shown that the 
McFadden gauge function provides a natural dual for this measure. Our argument is based on 
the two criteria suggested by Russell (1985): the McFadden gauge function (i) can be 






represented as Varian’s profit efficiency measure evaluated at shadow prices, and (ii) provides 
an upper bound for that profit efficiency measure that applies for any possible system of the 
market prices. Finally, we have considered the choice of measurement direction from the 
perspective of the evaluated firm within the general directional distance function framework 
of Chambers et al. (1996, 1998). We have shown that the McFadden gauge function is the 
optimal measurement direction for the evaluated firm in the sense that the corresponding 
reference production plan and associated shadow prices implies minimal profit inefficiency as 
calculated with respect to that reference production plan.  
Our results provide the profit efficiency counterpart for Russell’s (1985) cost 
efficiency argument in favor of the Farrell input efficiency measure. While Russell asserts 
that the Farrell input efficiency measure is the natural dual technical efficiency measure under 
cost minimizing behavior, we find that similar arguments institute the modified McFadden 
gauge function as the natural dual to the measure of economic efficiency under short run 
profit maximizing behavior. These theoretical insights are of direct relevance for the empirical 
research on economic and technical efficiency in general and firm-level short run profit 
efficiency in particular.  
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